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FOURIER REPRESENTATION OF ACFS

POSITIVE SEMI-DEFINITE, SYMMETRIC DISTRIBUTION FUNCTION

Definition

A function F : [—m, 7] — C™*" is called positive semi-definite,
symmetric distribution function if it fulfills the following properties:

(i) F(=m) =0
(i) F(A

(iii) F(-) is right-continuous

(iv) F(=X) = F(n—) — F(\—) for -7 < A < m and F(w) € R"*"

9) — F(A1) is positive semi-definite for Ag > A\;

Notes:

@ A matrix A € C™*" is said to be positive semi-definite, if it is
Hermitian and if z* Az > 0 for all 2 € C".

@ We use the short-hand notation F/(A—) := limg4y F'(x).
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FOURIER REPRESENTATION OF ACFS

PoOSITIVE SEMI-DEFINITE, SYMMETRIC DISTRIBUTION FUNCTION

@ The definition implies that F'()) is positive semi-definite for all
A€ [—m, 7).

e The matrix F(A) is Hermitian, i.e., F'(A\) = F(\)*.

@ The diagonal elements Fj;(+) are distribution functions of positive
(real-valued) measures pp, ((a,b]) := Fi;(b) — Fyi(a).

@ The off-diagonal elements Fj;(-), ¢ # j are distribution functions of
complex valued measures ur,, ((a,b]) := Fi;(b) — Fyj(a).

o Note that a complex measure ;1 can be decomposed as
= pr+ipr with pr and gy denoting real valued measures.
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FOURIER REPRESENTATION OF ACFS

PoOSITIVE SEMI-DEFINITE, SYMMETRIC DISTRIBUTION FUNCTION

@ For a univariate measurable function a : [—m, 7] — C the integral:
/ a(X) dF(X)

is defined component-wise, i.e.,:

[ enaro = ([Tamars ) = ([ at)um @)

1,7 .7
with i, 7 =1,...,n.

e Consequently, the distribution function F(-) defines a matrix-valued
measure pp on the Borel sets B of [—7, 7]:

T

UeBws up(U) = / 1y(\) dF(N)

—T
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FOURIER REPRESENTATION OF ACFS

PoOSITIVE SEMI-DEFINITE, SYMMETRIC DISTRIBUTION FUNCTION

@ Since up(U) is positive semi-definite for all U € B, it is called
positive semi-definite.

e For non-zero a € C*, it holds that F,,(\) := aF(A\)a* is a
distribution function of a positive measure.

@ Thus, it follows that:
apr(N)a* =a (/ 1y (N) dF()\)) a* = / 1y (A) dFaa(X) >0

@ The trace F'(X) := Y"1 | Fj;(\) is the distribution function of a
positive measure pu'".

@ The measures /5, corresponding to Fj;(-), are absolutely continuous
with respect to u'*.

[A measure  is absolutely continuous with respect to another
measure v (n < v), if v(U) = 0= u(U) =0].
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FOURIER REPRESENTATION OF ACFS

PoOSITIVE SEMI-DEFINITE, SYMMETRIC DISTRIBUTION FUNCTION

@ The Radon-Nikodym theorem states that if a measure p is
absolutely continuous with respect to a measure v, then the measure
w has a v-density f(-), i.e.:

WU = /U £ ()

o Let, therefore, f* = (f/¥) be the matrix containing the
corresponding y**-densities of ju;;:

o f™()) is positive semi-definite

o tr(f™(\)) = 1 almost everywhere (w.r.t. u™)
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FOURIER REPRESENTATION OF ACFS

PoOSITIVE SEMI-DEFINITE, SYMMETRIC DISTRIBUTION FUNCTION

e For two functions a, b : [—7, 7] — C1*" define:

/ " (N dF () B(N)") = / T (@) FTBNT) dET(N),

if the integral on the right-hand side exists.

@ In case all integrals:

/W GG dFG (N, i =1,...m

—T

exist, it holds that:

/ ! (a(X) dF (N Z /_ Wal b;j(\) dFij(\)

- i,j=1
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FOURIER REPRESENTATION OF ACFS

HERGLOTZ-THEOREM

Theorem

A sequence {T'(k)}rez with T'(-) € R™*" is the autocovariance function
of a weakly stationary process if and only if there exists a positive
semi-definite distribution function F : [—m, 7] — C™*" such that:

I(k) = / e dF(\) VkeZ

The distribution function F is unique for a given I'(-) and is called
spectral distribution function.
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FOURIER REPRESENTATION OF ACFS

SPECTRAL DENSITY FUNCTION

o If the spectral distribution function F(-) of {y; }scz is absolutely
continuous with respect to the Lebesgue measure, then there exists
a function f : [—m, ] = C™*™ such that:

A
FQA) = [ f(§)dg YA€ [-m,m]

@ This function f(-) is called spectral density function of the process
{y:}tez; it holds that:

I'(k) = /F M FN) AN Yk EZ

—T

@ The spectral density function is uniquely determined almost
everywhere only [w.r.t. the Lebesgue measure].
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FOURIER REPRESENTATION OF ACFS

SPECTRAL DENSITY FUNCTION

Proposition

A function f : [—m, 7] — C™*™ is the spectral density of a stationary
process if and only if:

(i) f(-) is integrable (component-wise) [w.r.t. the Lebesgue measure]
(i) f(X) is positive semi-definite almost everywhere

(i) f(=A) = f(A) almost everywhere
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FOURIER REPRESENTATION OF ACFS

Corollary

If the autocovariance function I'(-) is absolutely summable, then it holds
that: -

1 .
Z e (), A€ [-m, 7]

k=—o00

)

" or

is the spectral density of the corresponding stochastic process.

@ The absolute summability of I'(-) is a sufficient but not necessary
condition for the existence of a spectral density.

@ If T'(+) is absolutely summable, then the partial sums:

q

% Z efi)\kl—\(k)

k=—q

converge uniformly on [—m, 7] to f(-). This is a direct consequence of the
so-called Weierstrass criterion.
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FOURIER REPRESENTATION OF ACFS

@ Uniform convergence of a sequence of continuous functions implies
continuity of the limiting function f(-).

@ However, not every weakly stationary process has a spectral density.

o For example, the spectral distribution function of a (univariate)
harmonic process is a step function with a finite number of jumps
(not absolutely continuous).

@ Thus, harmonic processes do not have a spectral density (w.r.t. to
the Lebesgue measure).
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FOURIER REPRESENTATION OF ACFS

Consider a stacked process {z: }iez = {(«},9;) }+ez and partition
the spectral density (if it exists) as follows:

@ The functions f,(-) and f,(-) are called auto-spectra of the

processes {x; }icz and {y: }iez.

@ The functions f;,(-) and f,;(-) are called cross-spectra or
cross-spectral densities between {x;}:cz and {y:}icz.

@ More generally: For an n-dimensional process {y;}+cz with spectral
density f(-) = (fi;(:))i,j=1,...n, the functions f;;(-) are the
auto-spectra of the component processes {yi,t}tez.

@ In that case, the functions f;;(-), ¢ # j are the cross-spectra
between the corresponding component processes.
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FREQUENCY DOMAIN OF STATIONARY PROCESSES

e A function a : [—m, 7] — C**" is called square integrable with
respect to F' if:

/_ " (@) dF() a(\)) = /_ ") (N)a(A)* dF () < oo

[Here F'is a spectral distribution function]

o If all components of a(-) are square integrable with respect to
F'(-), then a(-) is square integrable with respect to F(-).

@ The converse is, in general, not true.
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FREQUENCY DOMAIN OF STATIONARY PROCESSES

@ Every positive semi-definite matrix M € C"*"™ has a unique
Hermitian, positive semi-definite root denoted by M1/2,
[l.e., MY2M'/2 = M and M'/? positive semi-definite].

@ Thus, the above quadratic form can be expressed as follows:

[ (ar20) (anr200) " are e,

with f%/2(.) denoting the “root” of f(-).

@ Hence, the function a(-) is square integrable w.r.t. F(-) if and only
if the components of (a(-)ftr/2(~)) [n-dimensional] are square
integrable w.r.t. F%(.).
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FREQUENCY DOMAIN OF STATIONARY PROCESSES

e Let now a,b: [, 7] — C'*" be two square integrable functions
with respect to F'(-).

@ Then the integral:
[ " (@) dF() b))
= [ a0y arv )

= [ (ar20) (072 0) aF

exists [i.e., is finite].

@ All linear combinations (aa(-) 4+ 8b(+)) with o, 8 € C are square
integrable w.r.t. F(-), since:

/(a+b)dF(a+b)* :/adFa*+/bdFb*+/ade*+/bdFa*.

[Here the function arguments are suppressed for brevity.]

17/73



FREQUENCY DOMAIN OF STATIONARY PROCESSES

o We say that two — w.r.t. F'(-) — square integrable functions a(-), b(-)
are equivalent, if:

[ e =0 a0 (@) = 00)°] =0
e We, henceforth, consider F'(-)-equivalence classes of functions.

@ On these equivalence classes the mapping:

us

(a(-),b() = {a, b 1= / a(A) dF(A) b(A)*

—T

is an inner product on C and the corresponding norm is denoted by
1/2
lall = (a,a);”.
@ The (complex) linear vector space of square integrable functions
together with this inner product is called L4([—m, 7], B, F).
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FREQUENCY DOMAIN OF STATIONARY PROCESSES

Proposition

The space LZ([—m, 7], B, F') is complete, i.e., it is a Hilbert space.

Definition

Let F'(-) be a spectral distribution function of a process {y; }+cz. The
space HY := L2([—m, 7|, B, F) is called frequency domain of {y; }1cz.

@ It is convenient to also consider (even for real-valued processes
{9t }+ez) the time domain over the complex numbers:

Hg :@{yjtaj = ]-7"'anvt € Z} - ‘C(QC(Q"F’]P)

@ The (real) time domain HY = HY is, by construction, a subspace of
H{.
c
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FREQUENCY DOMAIN OF STATIONARY PROCESSES

@ Denote with uy the k-th row unit vector, i.e.,:

up = (0,...,0,1,0,...,0) € Ct*"

Theorem
The mapping ® : HY — H}., defined as:

it
Ykt — Uge -,

with k =1,...,n and t € Z, can be uniquely extended to a bijective
isometry between H¢ and HY.

[Note that the “" does not denote multiplication, but denotes the
function \ — et ]
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ Since ® is (extended to) a bijective isometry, an inverse
@1 HY — HY exists.

e With the inverse @1, every function a € Hr(y) is mapped
(uniquely) to an element in H.

@ This holds, in particular, for the row functions w1 4(-) with
Ae B[—mw]-
@ Thus, for all A € B, one can define the random vector:

z(A) = (Zk(A))k:I,...,m with 2z (4) = <I>_1(uk]1A)
e This mapping [4 ++ =(A)] is o-additive, since ®~! is linear and

continuous: Let (A;,)men be a set of mutually disjoint Borel sets,
then:

2k (G Am> =" (i Uk]lAm) = i o (uxla,,) = i zk(Am)

m=1
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

e Thus, one can interpret z(-) as a random measure?

@ Consider Ay, Ay € B, then:

on [—m, .

E (21(4)a(42)) = (@7 (uxla,), @ (wla,))

= (upla,, wla,)r
- / " Ly (s dF(N) i 14, (V)
= pr (A1 N A)
@ Combining all components leads to:
E (2(A1)2(A2)") = pr(A1 N Az)

@ The process z(A) := z([—m, A]) for A € [—m, 7] is called the spectral
process of {y;}iez.

1An exact definition of random measures is given on the next slide.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

RANDOM MEASURES

o Let (2, F) and (E, &) denote two measurable spaces. A mapping
iy x & —=[0,00) is called a random measure if it fulfills the
following properties:

o wr u(w,A) is a random variable for every A € €
o A p(w,A) is a measure on (E,E) for every w € Q

o Example: Let Xq,..., X, denote random variables on a probability
space (Q, F,P), i.e., X1,..., X, are (Q, F) — (R, Br) measurable
functions.

@ Then, the mapping p, : Q@ x Bg — [0, 00):
1 n
pin(w, A) = — > Sxiw (A)
i=1

is a random measure.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

RANDOM MEASURES

@ On the previous slide ¢, denotes the Dirac measure in z, i.e.,:

50(A) = 1, ifzeA
U0, ifzg A

o Clearly, the set (—oo,z] € Bg for every x € R. Thus, the mapping:
F,(z) := pn(w, (—o0, x])

1 n
= Zl 3¢x,(w)} (=00, 7])

1 n
:gggh&wmﬂ

is a well-defined random variable.

o F,(x) is called empirical distribution function.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ The spectral process can be interpreted as a random distribution
function.

@ Caution: The same notation z(+) is used for both the random
measure and the spectral process.

Theorem

The spectral process has the following properties:
(i) z2(=7)=0as. [w.r.t. P

(i) (z(/\)*z()\)) < oo for all X € [—m, 7]

(i) E(=(V) =

(iv) Lim. ewz()\ +e)=2z(A) for XA € [-m,7)
)

(v) E[(z(A1) — 2(X3))(2(X2) — 2(M))*] = O for
—mT< <A< Aa3<Mu<T

(vi) E(z(A)z(AN)*) = F(A) for A € [—7, 7]
(vi) E[(2(A2) = 2(M1))(2(A2) — 2(M1))"] = F(A2) — F(A1) for

—T< A <X <7

y.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

Definition

A stochastic process {z(\)}xe[—r,x] With complex-valued random vectors
z(A) :  — C™ is called orthogonal increment process if properties (i)—(v)
of the above theorem are fulfilled.

@ The spectral process allows to describe &1 explicitly.
e Start by considering simple functions a € H}. of the form:

M
a(\) = > amla,(N) with ap = (a1m, ..., anm) € CY" A, €B
m=1

o Since @~ ! is a linear mapping, it follows that:

d~a(N) =~ ? (Z (Z akmurla,, (A)>>

m=1
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

o Let S C L?([—m, 7], B, ur) be the set of all measurable, simple
functions. It can be shown that S is dense in L2([—m, 7], B, pur).

@ Thus, every function a(-) € H% can be approximated by simple
functions, i.e., there exists ( <F) Yken with al®) e HY., such that
limy, a®(-) = a(-).

[Limit according to the || - || norm, i.e. [|[a®*) —al/r — 0 as
k — o0.]

o Continuity of ®~!, therefore, implies that:

dY(a) = Lim. 4 0e®  (a®)

@ Based on the above construction, we call the mapping ®~!
stochastic integral with respect to z and use the notation:

da) = /F a(X\) dz())

—T
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

It is often convenient to work with random vectors containing
components in H.

Correspondingly, consider matrix-valued functions
a:[—m m — C™™" with rows a € Hy, for k=1,...,n.

@ Some notation and definitions:

Yit
y=| | €eH)" <= wyucH{ i=1,...,n
Ynt
e For a matrix-valued function a : [—7, 7] — C™*" a € (Hp)™ if all

rows (ag(-))k=1,....m are elements of Hj.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

e For random vectors y € (H¥)™ and matrices a € (HZ)™ define
®(y) and @71 (a) component-wise and row-wise, respectively, i.e.,:

D(y) := (®(y1)s- -, P(ym)")’

i & 1(ay) JErar(V) dz(X)
d(a) :/ a(\)dz(\) := : = :
>~ (am) f:ramO‘) dz(X)

o If a(A) = ap(A\)I, with a(-) being a scalar, complex valued function,
simply write:

®a) = /F a(\)dz(\) = /W ap(N) dz(\)

—T —T
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ The “inner product” of two random vectors v, w € (HY)™ is defined
as the matrix:

(v, w) := ({og, wi)) y = E(vw”)

o Note that the mapping (-, ) is not an inner product in the usual
sense as it maps into C™*™. However, every component of the
resulting matrix is an inner product.

o Fora,be (HY)" set:

(@.8)r = (ot = [ (@O)aF()O))
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ Using this notation and the isometry property of ®1, i.e.,:
(@7 (a), 271 (b)) = (a,b)

leads to:

E [ JARCEEEICE dz(A))*} = [ arypon)

o If a spectral density f(-) exists, the above expression can be
rewritten as:

B | [ a0 00 00| = [ asinoy ax
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ Consider in particular a(\) = e***I,,. Then, the integral representation of

O (a(N)):
yt:/ e dz(\)

is the spectral representation of the process {y: }tcz.

@ The function ¢*** can be (uniformly) approximated by step functions:

M-1

M .
~ ]].()\M )\j\il]()\), )\] +ﬁ’ ]—0 M

=0

@ This leads to:

M—

Yt = / e dz(A\) =lim. Moo Z e ( J+1) Z()‘;V[)) , LEZ

7=0
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

Theorem

For every (zero-mean) weakly stationary process {y: }+ecz, there exists an
orthogonal increments process {z(\) | A € [—7, 7]} such that:

yt=/ eMdz(\)

= Lim. Moo Z eN (MM ) — 2(AM))

for all t € Z.

The so-called spectral process is almost surely [w.r.t. to the Lebesgue
measure| unique and z;(\) € HY for j =1,...,n
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ The spectral representation theorem states that every weakly
stationary process {y; }+cz can be approximated [to arbitrary
accuracy| via a sequence of harmonic processes.

@ However, this approximation is not uniform, i.e., generally the
sequence:

sup E(y, — Y * (ye — y3h)

does not converge to zero as M — oc.

@ This explains the “potential contradiction” that a (linearly) regular
process can be represented as the limit of singular processes.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ The spectral representation can also be defined for processes with
non-zero expectation.

@ In this case, the spectral process z(\) has a jump at zero, i.e.,
2(0) — 2(0-) # 0 and E(=(0) — 2(0-)) = E(yo) = E(y)-

e Consequently, the spectral distribution function F'(-) also has a
discontinuity at zero and, consequently, no spectral density exists.

@ In the non-zero expectation case, F'(-) is, furthermore, related to the
non-centered second moments and not to the autocovariance
function:

Eysyo = L'(s) + (Bys)(Eyo) = T'(s) + (Eyo)(Eyo)’
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ Recall the unitary operator U that generates {y;}+cz in the time
domain [component-wise, i.e., Uy;+ = yi+11]:

Uys = ye41 = / D dz()) = / e dz ().

—T —T

@ Thus, the forward shift in the time domain corresponds to
multiplication with e** in the frequency domain:

oy Yy
C C

<I>l chl
7,k)

HY =~ (c HY,

@ This illustrates the beauty of spectral analysis.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

o Consider a weakly stationary process {y: }+cz and the frequency
band A = ()\1,A2] - (0,71').

@ The aim is to quantify the contribution of the corresponding
frequencies to this process.

@ To be able to consider real components, include also the “mirrored”
frequency band V := [—\3, —\1).
@ Define the two indicator functions:

1,(\) i= 1aov(N) and 1o(A) =1—1;())

@ The process {y; }+ez can be decomposed as:

Y = /7r ePMdz(\) = /W 1 (\)e dz(N) +/W To(N)eM dz(N)

—T —T —T

_—e =y
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

The first component, {yt(l)}tez, is the contribution of the frequency
band A to the process {yi}+cz.

The second component, {y,EQ)}teZ, contains the contribution of the
remaining frequencies.

Both components are orthogonal to each other since the
corresponding frequency bands are disjoint, i.e., 1;(A\)13(\) = 0.

It holds that:

E(su?) = / Li(N)e™ Lo (\)eM dF(A) =0

-7
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ Furthermore, it follows that:

T

B (57u) = [ e aroy = [ noyaro

—T

= (F(A2) = F(M)) + (F((=M)—) — F((=A2)—))
=: AF + (AF)

@ Analogously, it follows that:
E (y§2>y§2)') = [ |[L)eX [ dF(\) = F(r) — AF — (AF)
@ Thus, the covariance matrix of {y; }1cz can be decomposed as:

1) = [ )+ 1200) ) = (50) + B (7u)
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ The ratio:
2A Fyy.

T (0)

is the share of the variance of the k-th component {yx:}+cz that is
explained by frequencies in the frequency band A (or to be more
precise in AU V).

@ Frequency bands in which the (auto-)spectral distribution function
Fli exhibits strong increases [where AT}, is large| are, in this sense,
“important” for the process.

0< <1

@ When a spectral density exists, this increment can be approximated
as:

A2
AF = \ f(V)dl/%f()\l)()\z—)\l)

@ The approximation AF = f(A1)|A| becomes more accurate if (i)
|A| is small and (ii) f(-) is more smooth.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ The matrix (AFy; + AF},) is the covariance between {y,(;)}tez and
{yl(tl)}tez in the frequency band A (in fact AU V).

@ For small intervals A, it holds that AFy; ~ fr;(A1)(A2 — A1) and
the cross-spectral density fx;(\) can be interpreted as a measure for
the linear dependence between the components {yx¢ }tez and
{y1t}tez in a “neighborhood” of the frequency A.

@ The frequencies A = 0 and A = 7 have to be discussed separately.
However, the previous discussion can easily be carried over to these
frequencies.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

ExXAMPLE: HARMONIC PROCESSES

@ The spectral process of a univariate, real-valued, stationary,
harmonic process {y: }tez:

M

Yt = Z Zmei)\Mtv te Za
m=—M+1

with 0 =g < Ay < ... < Ay =mand A\_,,, = — )\, is given by:

M
XN = > zmlpn.<n

m=—M-+1
and the spectral distribution function is given by:

M
FO=E(zMP) = Y. E(lza’) Lpa,en

m=—M+1
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

ExAMPLE: WHITE NOISE

o Let {e;}+cz be white noise with covariance matrix 3. The spectral
density of {e;}+cz is given by:

oo

1

- o 2w Cor
k=—oc0

fN)

@ Since the spectral density is constant, all frequencies are “equally
important” for the process.

@ On the contrary, let f(A) = fy be the (constant) spectral density of
a stationary process {y }+cz, then:

D)= [ fON)eMdx=fy | e*ar=

—T

orfo ifk=0
0 if ko £ 0

@ Thus, a weakly stationary process is white noise if and only if it has
a constant spectral density.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

@ It will be seen later that every linearly regular process, i.e.,:
oo
Yy = jE:: l?j&fg,j, teZ
Jj=0

[cf. Wold decomposition] has a spectral density.

@ Moreover, the spectral density has the following form:

F) = 5-bTH)"

where b(2) = 3272 Bjz7.

@ The converse is not true in general.
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THE SPECTRAL REPRESENTATION OF STATIONARY

PROCESSES

GENERALIZED SZEGO THEOREM

Theorem

A multivariate stationary process {y: }+ez with spectral density f(-) that
has full rank almost everywhere (w.r.t. the Lebesgue measure) is regular
if and only if:

/j In(det(f(N)))d\ > —oc0

In this case, it holds that:

det(%) = exp (% / " In(det(27F(\) d)\)

—T

with ¥ denoting the covariance matrix of the innovations of {y; }+cz.
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TRANSFORMATIONS OF STATIONARY PROCESSES IN

THE TIME AND FREQUENCY DOMAINS

@ We consider linear, time-invariant and — in general — dynamic
transformations of stationary processes.

@ These transformations are also called filters or systems, the original
process is called input and the transformed process output.

o Filters are methods for the extraction of certain components like
noise or seasonal components [cf. the discussion of extracting trend
or seasonal components in part 3].

@ Linear transformations are used to build up more complicated
processes (or models) from basic processes (e.g., AR, MA, ARMA
from white noise).
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e For a stationary n-dimensional input process {x:}:cz, the output
process {y: }1ez (given finite second moments) of the form:

q
yp o= Llim. g 0o Z qu)xt,ﬁ A;q) ER™" tcZ
Jj=-—q
is called linear transformation.

@ The linear transformation is characterized by the so-called weighting
sequence:

{qu)aj =—-q,...,4,9 S N}

e We, subsequently, assume {y; }+cz to be well-defined, i.e., weakly
stationary and will get back to this question.
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@ For the limit on the right-hand side to exist, the coefficient matrices
A have to fulfill assumptions (that in general depend upon

{xt}tEZ)-

o If the limit exists for one ¢, then it follows from stationarity of
{xt}+ez that the limit exists for all ¢ € Z.

o Clearly, the transformation is linear and time-invariant, i.e.,
{z1—sttez = {Yi—s ez for all s € Z, since the cofficients do not
depend on t.

o If Ag.q) =0 for all j #0, ¢ € N, the filter is called static, otherwise it
is called dynamic.

o If A =0 for all j <0, g €N, the filter is called causal.
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Theorem

If the process {y: }+cz is the output of a filter [as defined on Slide 47]
applied to a stationary process {x:}+cz, then the stacked process
{zt}rez = {(x¢', y+') }1ez is stationary and it holds that:

q
_ ; (a)
Ey, = (qlgrolo Z Aj ) Ex,

q
Pya(k) = Covly, o) = lim D7 AP Ta(k~ j)

Jj=—q

q
y(k) = Covlys,yo) = Jim 37 AVTu(k+1-)(4")

Jl=—q
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e Consider now the frequency domain H.; isomorphic to the
(complex) time domain H{.

@ The weighting sequence {A;q),j =—q,...,q,q € N} in time
domain analysis corresponds to the transfer function:

(9) 71)\7
AQ) = lim Z Aj
Jj=—q

in frequency domain analysis.
@ The limit is defined (row-wise) with respect to the HE-norm, i.e.,:
q o *
Jim [ <Z Al e );) dF()) <Z Al e — A(A)z) =0
Jj=—q Jj=—q

e Here A()\); and A;?l) denote the I-th row of A()\) and A;'J)
respectively.
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@ It can be shown that the transfer function A(:) is the image of
Yo € (HE)™ under the isometry @, i.e., A = ®(yo).

o It holds that:

Yy =0 1(e"A) = /7T eMAN) dz(N)

—T

o From H{ C Hf it follows that H}. C Hf.

@ The above equation implies that the output of the filter is uniquely
determined by the transfer function.
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@ Let us assume for simplicity that the process {z:}:cz has a spectral
density f.(-).

@ Due to the isometry between time and frequency domain it holds
that:

zrro zpyo'\ [T I, L, \"
B (e ) = [ e (aty) =0 (ayy) @

=:f2(N)

for all k € Z.

@ Since the above relation holds for all k& € Z, the spectral density
f2(-) of the stacked process {z:}icz = {(x¢', y+') }rez is given by:

0= (10 )
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Theorem

If {x+}+cz has a spectral density f.(-) and {y;}+ez is the output of the
linear transformation:

q
Y o= Llim. g0 Z Ag-q)xt_j, Ag-q) ER™" tcZ
Jj=—4q
then the spectral density of:
{Zt}teZ = {(xt/, yt/)/}teZ

exists and and it holds that:

fya(X) = AN f2(X)
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@ The above theorem implies that every stationary MA(co) process
has a spectral density.

o Note that if spectral densities do not exist, then:

(N = AN (V)

Fy () = AN LTV AL

o= () 1)

is the Radon-Nikodym derivative of the spectral distribution function
of {2 }tez w.r.t. to u'", the measure corresponding to the trace of
the spectral distribution function F'*(-).

where:
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[1-FILTER

o For some given weighting sequence the linear transformation may
not be well-defined for all stationary processes.

@ Therefore, we consider so-called [;-filters that lead to stationary
output processes for all stationary input processes.

Definition

If the weighting sequence of the linear transformation fulfills:

(A9 =4;,j=—q...,qqeN} with > [4;] < oo

j=—00

then the transformation is called [;-filter.
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[1-FILTER

Theorem

For every [;-filter and all stationary input processes {}:cz, the process
{1 }1ez defined as:

q oo
Yy i=Lim. g oo Z Ajz_; = Z Ajzi_j, teZ

Jj=—q Jj=—o00

is stationary.

@ The weighting sequence {A;, j € Z} of the [;-filters is also called
impulse response function or sequence.
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[1-FILTER

o A filter with weighting sequence {4;,j € Z} can be written formally

as a Laurent series:
(o]
= > Al
j=—0o0
with L being the lag operator, i.e., L{x:}tcz = {xt—1}tez-

@ Therefore:

{yiheer = A(L){@ihez = ( > AL ) {zihez

_]_—OO

@ Recall that the previously defined set T is the set of all I;-filters.
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[1-FILTER

The transfer function of an I;-filter A(L) =77 A;L7 is given
by:
AN = Y Aje™
j=—00

The above series exists as a limit in the frequency domain, but also
point-wise for every A € [—, 7].

Furthermore, this convergence is uniform on [—m, ], implying
continuity of A(-). This is, again, a direct consequence of the
Weierstrass criterion.

There is a one-to-one correspondence between the weight sequence
and the transfer function:
1 ™

Aj = (N)e™N dx
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[1-FILTER

@ The transfer function A(-) is bounded, and thus:

/W ()£ () A®(A) dF™ (3)

—T

exists for any stationary input process {x¢}1cz with spectral
distribution function F(-).

@ This is the frequency domain analogue of the fact that [;-filters
generate stationary output processes from stationary inputs.
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COMPOSITION OF [1-FILTERS

o Consider two [;-filters A(L) and B(L) given by:
AL)= > AL}, Aj eR™"
j=—0o0
B(L)= Y B;L/, B; eR*™

j=—00

@ The iterative application of both filters on a stationary input process
leads to a stationary output process:

(o) —2> {ye) 2> {2}

~_ 7

C=BoA
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[1-FILTER

Theorem

Let {;}+cz be a stationary process and let {y; }iez := A(L){x¢ }iez,
{2} := B(L){yt }+cz, with A(L), B(L) as given on the previous slide.

Then it holds that {z;}tcz = C(L){zt}+cz, with weighting sequence
{C;}jez, is given by:

Cj= > BrAj, with >  [|Cj]l < o0
k=—oc0 j=—0o0
The corresponding transfer function C(\) is given by:

CN = Y Ciee™ = 3" Bjem™ Y A;e™™ = B(A)A(N)

j=—00 j=—00 j=—00
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[1-FILTER

@ Consider a quadratic [;-filter:

AL)= Y AL/, Aj eR™"
Jj=—00
@ An [;-filter B(L) is called the inverse filter of A(L) if:
A(L)B(L) = B(L)A(L) = I,L°

@ In this case, it holds for the transfer function that:
BMNAN) = ANB\) =1,, VA€ |—m, 7]
@ Therefore, the transfer function A(X) needs to be regular for all
A€ [-m, 7, i.e, det(A(N)) # 0 and B(A) = A(\)~L.

o Note that det(A(\)) # 0 for all A € [—m, 7] implies the existence of
the inverse [{-filter.
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INTERPRETATION OF FILTERS IN THE FREQUENCY DOMAIN

e Consider an [;-filter with a single (i.e., univariate) input and a single
output (SISO filter).

@ Rewrite the transfer function:
kA = > ke ™
j=—o00
of an I;-filter with polar coordinates as k() = r(\)e’¢™).

@ The function r: A — r(A\) = |k(A\)| is called gain of the filter and
d: A= ¢o(A) =Im(Ink(N)) is called phase shift.

@ Since the coefficients of the filter are real-valued, it holds that

r(A) =r(=X) and ¢(—=A) = —p(\).
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INTERPRETATION OF FILTERS IN THE FREQUENCY DOMAIN

o Consider for simplicity a univariate process {x;}:cz with spectral
density f.(A).

@ As before, consider a frequency band A = (\y, A9] or, in fact, AUV.

@ Recall from before that f,(A1)|A], with [A] = Ay — Aq,
approximates:
AF 4+ AF % 2f,(\)[A],

i.e., the contribution of harmonic components with frequencies in A
(or AUV) to {zt}iez.
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INTERPRETATION OF FILTERS IN THE FREQUENCY DOMAIN

o Now consider {y:}icz = A(L){xt}iez for an ly-filter A(L) with gain
r(A).

@ The spectral density of {y;}+cz is given by:
FyN) = AN foNAN) = [AN)P o (A) = r(A\)2f2(N)
o Consequently:
FyO)Al = (A1) f (M)A
@ Therefore, it follows that:

e 7(A) < 1: harmonic components in the frequency band A are
dampened

e 7(A) > 1: harmonic components in the frequency band A are
amplified
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THE WIENER FILTER

o Consider the following problem: Let {(x},v;)'}+cz be a stationary
process.

@ Now consider the best linear approximation of {y;}tcz by {zt}cz,
i.e., the solution of the minimization problem:

. E Y s
gten(llliralc)n (Yt = 90)"(ye — Te))

fort € Z.
@ The Projection Theorem implies that the best linear approximation
Ut is given by:
q
:gt = P(Hz)nyt = Lim. q— 00 Z Kj(-q).’ﬂtfj
Jj=—q
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THE WIENER FILTER

@ Thus, one can decompose y; as:
Yt =0t + Yt — U = Yt +
N——

=:iut

@ From the projection theorem it is known that the approximation error
u¢ is orthogonal to (H®)™ and thus E(usx’) = 0 for all s,t € Z.

@ Assuming that the process {(z}, y;)’ }tez possesses a spectral density
f(), with block component f,(\) invertible for (almost all)
A € [—m, 7], implies the following result.
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THE WIENER FILTER

Theorem

Let {(«},y;) }+cz be a stationary process with spectral density:

(fii% if((;)))

If f.(X\) is positive definite for almost all A € [, 7], then the transfer
function K () of the best linear approximation of {y; }tcz by {zt}icz is
given by:

}((A):: f&m(A)f%(A)_l
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THE WIENER FILTER

@ The orthogonality condition E(u¢1xx}) = 0 leads to:

q
0=E [(yt+h — Lim. q—00 Z K](q)l‘t+h_j) ZII;]

J=—q
q
=Tyo(h) = Lim. goe Y K\"To(h — )
Jj=—q
@ Assuming the Wiener filter to be an [;-filter implies:

Lya(h) = D KTu(h~j)

j=—c0

@ These equations are called Wiener-Hopf equations.
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THE WIENER FILTER

@ The Wiener-Hopf equations allow calculating the coefficients K; for
given covariances.

o Let now {(z¢,yt) }+ez be a bivariate process and assume that the
Wiener filter is of the form:

N
K(L) =) K;L’
§=0

@ In this case, the Wiener-Hopf equations reduce to a finite number of
linear equations:

[0 Tu(-1) ... T.(=N) ] [Ko Ty (0)
L) 1,0 . T(-1-N)| K| | Ty()
L,(N) To(N—1) ...  Ty0) Ex|  |Tyu(V)
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THE WIENER FILTER

@ Alternatively, the coefficients K; can be obtained using the inverse
Fourier transform:

L[ iXj
Kj =50 | KO dx
o A sufficient condition for the existence of this integral is that
K(\) € L*([-m, 7], B, i), i.e., that every component K;;()) is
square integrable [w.r.t. the Lebesgue measure].

e A sufficient condition for square integrability is given by:

/W tr (KOVEK(N)?) d < o

—T
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THE WIENER FILTER

o Let {(z¢,y+) }+ez be a bivariate process with spectral density f(-)
and assume that the Wiener filter is an [q-filter.

@ From the polar coordinate representation of the cross-spectrum:

Fyr (V) = [Fye (V)]
it follows for K (\) that:

_ fya(N) |fym(>\)|6i¢(,\)

IRFZICVR AV

@ Therefore, the gain of the Wiener filter is given by:

_ fe M)
"=

KO\
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THE WIENER FILTER

@ The coherence between two univariate processes {z;}+cz and
{yt }1ez is defined as:

e
CN =T

o Consider the following decomposition of the auto-spectrum f,(\):

FyA) = fgau(X) = f3(N) + fu(X) = KQA) fa (M E(X)" + fu()
@ Using this decomposition implies that:
10
S FOVES AV

e C(A) is the frequency domain analogue of the coefficient of
determination in the linear regression model.
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