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Abstract—We present a systematic approach to enable an
inkjet-printed capacitive position sensor for a resonant MEMS-
mirror system, in a smart packaging solution. We adopt sys-
tematic noise analysis and employ a stochastic (Bayesian) es-
timator for position reconstruction. In this way, we exploit
prior knowledge of the system and its dynamics. We can thus
demonstrate a way to achieve very high position resolutions
of respos < 50nm. The considered arrangement is part of
a Michelson interferometer setup and, as such, subject to
concise specifications regarding resolution and accuracy. The
measurement system’s analog front-end is designed in a carrier
frequency setup. It enables a flexible choice of bandwidth, and
provides a measurement signal at a frequency well separated
from that of the mirror actuation. The wide measurement range
of rm = 1000µm, at an offset of d0 = 1000µm, and the
high required position resolution of respos < 50nm, present
major challenges for the inkjet-printed capacitive sensor. To
overcome noise limitations inflicted by the measurement- and
system setups, and to enable nanometer resolution independently
of the measurement bandwidth, Extended Kalman Filtering as
Bayesian approach to statistical signal processing is suggested.
Noise analysis and stochastic position estimation are applied
to the MEMS-mirror system. Evaluations demonstrate the high
achievable resolutions using Extended Kalman Filtering.

Index Terms—Microelectromechanical systems (MEMS), Ca-
pacitive sensing, Electrostatic actuation, Fourier Transform in-
terferometry, Extended Kalman Filter, Noise analysis.

I. INTRODUCTION

Micro-optical devices have gained vastly in interest over
the last decade, and are, by now, deployed in various fields.
Applications range from Fourier Transform InfraRed (FTIR)
spectroscopy [1] and multimedia optical devices [2], [3] to
light barriers [4]. Formerly, optical arrangements such as
spectrometer devices, beamers, and others, used to consume a
considerable amount of space. MicroElectroMechanical Sys-
tems (MEMS) now offer the possibility of integrating complex
setups into mobile applications. Advanced MEMS products are
also appropriate for the deployment in lab-on-chip systems for
space missions or UAV-based analyses.

Among these optical systems employing MEMS, inter-
ferometers hold a prominent position. They provide a non-
invasive and non-destructive method to chemically analyse
liquid or solid probes of material. On the one hand, there
already exist hand-held polychromator type devices exploiting
wavelengths in the range of shortwave near-infrared to UV/Vis.

L. Faller and H. Zangl are with the Institute of Intelligent System Technolo-
gies, Alpen-Adria Universitaet Klagenfurt, 9020 Klagenfurt, Austria e-mail:
lisa-marie.faller@aau.at.

On the other hand, spectrometers analysing the interaction
of probes with mid-IR and longer wavelengths still suffer
from deficiencies such as being bulky and expensive. Addi-
tionally, measurements may take up to several minutes. A
major advantage of such spectrometers that exploit IR, is the
straight forward detection of properties characteristic to the
analytes, and their flexible applicability. Comparable other
sensors employ a chemo- or bioreactive layer of material
which alters properties when exposed to the analyte. Such
principles come with the disadvantage of being mostly only
sensitive to one substance and calibration is difficult.

Electrostatically driven microactuators, such as the ones
considered here, are ideally suited for application in interfer-
ometer setups (compare [5]). Still, there are concise demands
on the system performance: To keep the measurement time
low and to provide a sufficient Signal to Noise Ratio (SNR)
demands fast position tracking of the moving mirror. Further-
more, high position measurement accuracy is needed to add
spectra congruently and to avoid smearing.

Existing devices are realized holding a reference interfer-
ometer to measure and control the mirror position [1], [6], [7]
or at least feature optical position sensing [8]. While this
optical feedback represents a fast and accurate way to mea-
sure the position, major drawbacks are its size and tight
requirements regarding the diode mounting. Comparisons of
interferometric and capacitive measurements on MEMS [9]
have shown superior properties of the optical feedback in terms
of device characterization, but such topologies do not usually
fit into target package outlines [10]. A multilayer, inkjet-
printed capacitive position sensor is considered to enable
further miniaturization.

Capacitive sensing has proven to be applicable for nanome-
ter position resolution (e.g. [11]) and offers beneficial prop-
erties with respect to costs, resolution and bandwidth [12].
The capacitive sensor will be manufactured as flat electrode
structure. It then forms a parallel plate capacitor with the
mirror plane, which is a common setup for nanometer applica-
tions [13]. The sensor is thus comparatively simpler to realize
and integrate into an existing package than is the reference
interferometer setup. A capacitive sensor, manufactured by
inkjet-printing (a rapid-prototyping technology), is further
beneficial compared to other capacitive sensing approaches
(e.g. [14], [15] and [16]) since it enables individually adaptable
designs and applicability to various setups. The sensor read-out
is realized using a specifically designed measurement system.
This measurement system is composed of an analog front-
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Fig. 1: The basic construction principle of a Michelson interferometer is schematically illustrated in the upper left. On the
lower right, the suggested mirror position sensing system is shown. It is composed of a multilayer inkjet-printed capacitive
sensor followed by a Low-Noise Amplifier (LNA) analog font-end and an FPGA. The FPGA is necessary for high speed digital
signal processing and to provide the necessary trigger pulses for the Pulse Width Modulation (PWM) signal which drives the
mirror.

end which then feeds the sensor read-out to a high speed
Field Programmable Gate Array (FPGA), i.e. the digital signal
processing unit.

Considerations on the design of MEMS, subject to uncer-
tainties [17], [18], as well as robust control of the electrostatic
drive of MEMS [19] under parametric uncertainties can be
found in literature. We extend these design methodologies by
assessment of the possible lower bounds on the measurement
uncertainties, to verify the sensor’s suitability for nano-po-
sition tracking. This assessment is based on the stochastic
system models, as part of the digital signal processing, which
reflect the resonant sinusoidal mirror movement. In our work,
we determine the Cramer Rao Lower Bound (CRLB) for
the dynamic system parameters. We base our analysis on
parametric models for the dynamic system as well as an
Extended Kalman Filter (EKF). All of these system descrip-
tions are likewise reconstructing the MEMS mirror position
which is subject to systematic error and measurement noise.
The overall system performance with regard to bandwidth and
design restrictions can then be given together with a minimum
bound on the achievable position measurement resolution. The
suggested approach is applied to position reconstruction for a
micromirror device.

In Sec. II, the interferometer and measurement system are
described: In the first Subsec. II-A, the considered MEMS-
mirror is introduced. The second Subsec. II-B, describes the
capacitive sensor. Subsec. II-C elicits the setup of the analog
front-end. In Subsec. II-D, noise analysis for the analog front-

end follows. Afterwards, in Subsec. II-E, the sensor model is
elaborated. In the last Subsec. II-F, the CRLB analysis for
the parametric system description is presented. In Sec. III,
the EKF is introduced, subsequently the system description
as necessary for the algorithm is developed. Sec. IV gath-
ers achieved results for the assessment of the algorithm’s
suitability for nano-position tracking based on the CRLB as
well as effectively achievable position resolutions considering
Additive White Gaussian Noise (AWGN) as well as systematic
errors. These evaluations are done considering: firstly varying
amplitudes of the mirror movement; and secondly, different
sampling frequencies. Finally, a conclusion is provided in
Sec. V.

II. INTERFEROMETER AND MEASUREMENT SYSTEM

A common way to manufacture an FTIR spectrometer
device is a Michelson interferometer setup. The mechanism
is composed of an IR source and two mirrors suspended in
an angle of 90◦, of which one is moveable (Fig. 1: upper
left). The IR light beam is split and, through interference,
distinct wavelengths of the IR light are selected, dependent on
the moving mirror’s position. The resulting monochromatic
light beams pass through the sample of interest. Due to
sample attributes at the molecular level, certain wavelengths
are absorbed more than others. Thus, different intensities at
distinct wavelengths are visible at the detector. After process-
ing and Fourier transforming the data, a sample-characteristic
spectrum can be seen. One movement, covering the full
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possible pathlength, the mirror can traverse, is called a scan.
The so-called mutliplex advantage [20] characterizes this type
of spectrometers: the devices’ SNR can be increased by an
increased number of scans (N ) as SNR ∝ N

1
2 . On the other

hand, this is equivalent to an increase of the measurement time.
Additional crucial factors are: the congruency of added spectra
(adding spectra non-congruently results in a smeared result-
spectrum) and prevention of noise as this blurs peaks and could
thus lead to miss-identification of substances. Consequently, a
concise knowledge of the mirror position during each scan is
crucial.

A. MEMS-Mirror

Fig. 2: MEMS-mirror (lighter circle in the middle) in vacuum
package with vacuum sensor (lower left corner) and ion getter
(upper right corner).

In this work, we address an electrostatically actuated mi-
cromirror (Fig. 2), which we also refer to as MEMS device or
MEMS-mirror. The micromirror is designed in a CMOS com-
patible Silicon On Insulator (SOI) process. In [21] the con-
sidered MEMS is presented as piston device. The micromirror
is suspended on four pantographs which are attached equally
spaced to a circular mirror plate. The pantographs are designed
to prevent mirror tilting, and suppress parasitic modes. The
electrostatic drive is composed of in-plane electrodes, causing
a translational mirror movement, perpendicular to the actuator
plane. This type of movement is also referred to as piston
mode. The mirror is driven by a Pulse Width Modulation
(PWM) signal at twice the mirror resonance frequency, i.e.
fres = 500 Hz and fPWM = 1000 Hz. The actuation control
is laid out to guarantee for the largest possible mirror stroke,
that is, to achieve the highest possible spectrometer resolution.
The considered devices were reported to reach a spectral
resolution of resspec = 25 cm−1 at dtr = 200µm translatory
displacement with an acquisition time of taq = 200µs per
scan [22], [23]. The uniformity and amplitude of the sinusoidal
mirror-movement are dependent on environmental and external
factors, i.e. temperature, ambient pressure and driving voltage.
These factors, together with the high resolution requirements
call for a precise in-depth system assessment, stating noise
bounds and limitations. The assessment is done based on
conservative presumptions.

While the presented methodology is generally applicable,
an example is elaborated for a device which ideally moves
at a resonance frequency of fm = 500 Hz and achieves a

maximum stroke of smax = 1 mm or srel = ±500µm at an
ambient pressure below Pamb = 500 Pa. A position resolution
of respos < 50 nm is necessary to reach the target spectrom-
eter resolution of restarget = 10 cm−1.

B. Capacitive Sensor and Simulation

A micro-manufactured capacitive sensor is to be realized
as multilayer structure, 1 mm below the mirror plate (see
Fig.1: Inkjet-printed sensor system). It comes with the advan-
tage of a slim and readily integrable sensing solution, while
providing high position resolution measurement capabilities
(compare [24], [25]).

In the target capacitive sensor design, the bottom electrode
is used as transmitter, and the mirror incorporates the receiver
(see e.g. [26] for further explanation). Both are assumed to
form a structure resembling a parallel plate capacitor. Which,
in a simplifying approach, can be approximated by the fol-
lowing model

C =
ε0εrAr
d

(1)

where C is the capacitance in Farads, Ar the active plate
area in square meters, ε0 the dielectric constant of vacuum,
εr the relative dielectric constant of the material between
the plates and d the plate spacing in meters. Since Eq. 1
presents a simplistic approach mainly usable to aid a basic
understanding of the system, accurate Finite Element Method
(FEM) simulations (compare also [27]) are employed to
consider all effective influences (e.g. fringing fields etc.). In
Fig. 3 a simplified simulation setup is shown: The electrostatic
field evolution is illustrated as coloured tubes emanating from
the sensing electrode surface (red) and terminating at the
mirror plane (blue). The mirror movement is incorporated by

Fig. 3: Simplified illustration of the FEM simulation setup for
the capacitive position sensor, axes are in mm.

a moving mesh feature. The movement of the geometry is
known, so the displacement of the mesh can be calculated at
every time step using, e.g., a Laplace smoothing approach.
For the Laplace smoothing, it is necessary to solve the partial
differential equation

∂2x

∂X2
+
∂2y

∂Y 2
+
∂2z

∂Z2
= 0 (2)
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The lowercase letters are deformed mesh positions and upper-
case letters are the undeformed positions [28]. After the mesh
deformation is determined, the electrostatics are computed by
solving Gauss law

∇D = ρV (3)

where the electric displacement field is

D = ε0E (4)

and ρV is the space charge density.

C. Analog Front-End

The analog front-end of the measurement system is com-
posed of a carrier frequency setup (e.g. [29]) which con-
nects to a specifically designed multistage Low Noise Am-
plifier (LNA) chain. The carrier frequency setup is illus-
trated in Fig. 4: C34 is the capacitance of interest (the
position sensor) which, at the mirror rest position, is equal
to the base capacitance Cb. R23 is the measurement shunt of
Rs = 50 Ω. The value of the measurement shunt is chosen
to match this circuit’s impedance to the input impedance
of R23 = Rin = 50 Ω. C35 = Cp = 100 pF is the parasitic
capacitance introduced by the conducting path to the input.
V 1 is the voltage source providing the excitation voltage
Uexc = 1 V at the carrier frequency fc = 20 MHz. V mid1.6,
the DC voltage source connected to R23, is necessary to shift
the input signal to the middle of the LNAs supply voltage.
C36 is assembled to block DC offset voltages. Customized
design of the LNA chain was necessary since commercially
available hardware is not satisfying in terms of bandwidth
and/or resolution. The chosen measurement system topology
also provides a sufficient separation of the measurement and
system drive frequencies. Thus, no disturbances of the mirror
drive frequency will be seen at the much higher measurement
frequency range.

Fig. 4: Schematic illustration of the implemented carrier
frequency setup.

D. Hardware Noise Analysis

In order to analyse the system capabilities in terms of un-
certainty, it is necessary to determine basic noise figures as

inflicted by the underlying electronics. Experimental character-
ization of the LNA chain yield a spectral input referred noise
voltage of Un = 2.09 nV/

√
Hz at the measurement shunt. The

sensor base capacitance is found from FEM simulations to be
Cb = 109.3 fF. For further analyses, the capacitance equiva-
lent noise Cn = 0.151 aF

√
Hz is necessary. It can be found

from

Cn =
Un
∂Uout

∂C

(5)

as the ratio of the LNAs input referred noise voltage Un and
the system’s output voltage sensitivity to capacitance changes.
This sensitivity of the voltage at the shunt resistor with respect
to variations in the capacitance is

∂Uout
∂C

=
Uexc

8C2
b 2πfc(

1
Rs

+ 8πCpfc)(
1

1
Rs

+8πCpfc
+ 1

8Cbπfc
)2

(6)

An expression for Uout can be found, using basic formulae
for voltage divider circuits, as

Uout =
UexcZp

Zp + ( 1
j2πfcCb

)
(7)

Here we use the measurement system’s equivalent parallel
impedance, which is

Zp =
1

Rs + j2πfcCp
(8)

with the parasitic parallel capacitance Cp = 100 pF included.
These equations are evaluated with a shunt resistor value
Rs = 50 Ω, excitation voltage Uexc = 1 V and carrier fre-
quency fc = 20 MHz. We suggest the use of a calibration
procedure to cope with variations in the base capacitance,
uncertainties originating from topology deviations may then
be neglected.

E. Sensor Model

In a first approach to a suitable semi-analytic model for
the capacitive position sensor, a polynomial model is fitted
to data from Finite Element Method (FEM) simulations.
This is a commonly used process and well-documented in
literature [12], [13].

We presume, the behaviour of the measured signal, i.e. the
capacitance, C(dm) with dm the parameter of interest, i.e. the
mirror position, can be analytically described as (compare (1))

C(dm) =
ε0εrAr
dm

(9)

with the mirror position

dm = d0 +Amcos(2πfmt+ φm) (10)

where d0 = 1 mm is the initial or rest position. Am = 0.5 mm
is the absolute maximal displacement or amplitude, fm =
500 Hz the mirror resonance frequency and φm the mirror
phase.

While the analytic description, as given above, is a sim-
plistic version of the true system behaviour, simulation data
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provides an improved description. Hence, an analytic expres-
sion for this data is sought. Based on this expression, further
resolution capability analyses of the considered system are
possible. With respect to the given preconditions, it is a
viable procedure to employ a Least Squares Estimator (LSE)
(compare e.g. [30]). The resulting semi-analytic description
(metamodel) of the simulation data is then used to quantify
necessary conditions on the system bandwidth, noise and
hardware parameters in order to provide the necessary position
resolution.

F. CRLB Analysis for the Parametric System

In Eq. 10, three parameters, i.e. phase φm, amplitude Am
and the frequency component fm are supposed to be subject to
environmental influences and thus time-varying. Under these
assumptions, we can find the CRLB for the parameters, i.e. the
lower bound of the variance, with respect to a chosen carrier
frequency and bandwidth. The definition of the CRLB for a
signal s(θ), dependent on the parameter of interest θ, is [30]

CRLB =
σ2(

∂s(θ)
∂θ

)2 =
σ2(

∂C(d)
∂d

)2 (11)

The rightmost term is then the formulation adapted to our
case. Analysing uncertainty evolution over bandwidth (Tab. I),

TABLE I: Uncertainties for a parametric system description.

Parameter Uncertainty Unit
Amplitude 13·73 nm
Phase 1·1e−4 rad
Offset 4·034e−5 nm
Frequency 11·62 Hz

restriction to B = 2000 Hz is already yielding a theoretical
lower bound of the uncertainty of CRLBA < 14 nm for the
amplitude.

A direct measurement setup demands for intractable re-
strictions on the bandwidth, as we showed in [31]. We con-
sequently suggest to employ a parametrized system model,
exploiting prior knowledge. This enables us to adopt measure-
ment strategies which allow to consider higher bandwidths.
To realize such a strategy, we apply statistical methods, i.e.
an EKF, which, in essence, is a Bayesian approach to signal
reconstruction.

III. EXTENDED KALMAN FILTERING

Kalman filtering is a well-know estimation technique, used
to recover signals from noisy measurements. Its applications
range from robotics [32], pose estimation [33], sensorless
control of synchronous drives [34], battery state of charge
estimation for electric vehicles [35] to control of torsional
micro-mirrors [36]. It is well-suited to solve problems where
motion tracking of dynamic systems, which are either non-
linear in their dynamics or in the measurement, is desired at
the least computational expense.

A. Extended Kalman Filter Algorithm

The EKF is a suboptimal estimator based on Linear Min-
imum Mean Square Error (LMMSE) estimation and analytic
linearisation (compare e.g. [37]). In terms of statistical signal
processing, it is categorized as Bayesian approach. Expected
mean values for the parameters of interest are assumed known
a priori, as well as the system dynamics, and the measurement
equation. These quantities and relations can be readily applied
as initial conditions and modelling assumptions. Implemen-
tation of an optimal estimator calls for storage of the full
probability density functions (e.g. [38]) describing the states.
The Extended Kalman Filter, in contrast, can be implemented
as recursive computation of the so-called sufficient statistic
(see e.g. [30]). It subsequently yields the (approximate) mean
and variance of the target system states. It is used for state
prediction when the target system can be described by non-
linear differential equations, or the measurement equation is
non-linear, or both. For the interferometer system, only the
measurement is described by a non-linear equation. In general,
we assume a discrete time state space representation of the
considered system which is of the form

xk+1 = f(xk) + vk

with x the system state, f the analytic description of the
system dynamics and v is AWGN. The subscript indices here
and in the following denote the respective time instances. The
covariance matrix of the process noise is defined as

Qk = E{vkvTj }

E{·} denotes the expectation operator. This matrix holds
parameters, incorporating the necessary degrees of freedom
to tune the control structure. We further fix the measurement
to be

zk = h(xk) + wk

h(·) is the analytic description of the measurement function
and w the measurement noise. The covariance matrix of the
measurement noise is then defined as

Rk = E{wkwTj }

Additionally v and w are assumed uncorrelated. The system
state incorporates a sufficient statistic accumulating all the
information contained in previous states (under the assumption
of AWGN). Consequently, the EKF yields the predicted state
x̂k, that is, the approximate conditional mean (if the AWGN
assumption holds). The EKF also yields the associated covari-
ance matrix P k, which, for the approximate conditional mean,
is the matrix of the Mean Square Errors (MSEs). A flowchart
illustrating the algorithm sequence is given in Fig. 5: In the
first two steps of the Extended Kalman Filtering, the true as
well as the predicted states are determined. The true state is
subject to process noise as well as measurement noise. The
predicted state is determined based on the system dynamics.
Evaluating the measurement equation for the assumed system
dynamics yields the predicted measurement. Then the covari-
ance matrix is computed using the Jacobians of the system
dynamics and the measurement equation. The difference of
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Start

Provide:
Process Covariance Q1

Measurement Covariance R1

A priori State Information x̂1

Determine true
System State xk

Transition−−−−−→ xk+1 = f(xk) + vk

xk+1
Measurement−−−−−−−→ zk+1 = h(xk+1) + wk+1

Determine predicted State x̂k|k
Transition−−−−−→ x̂k+1|k = f(x̂k|k)

xk+1|k
Measurement−−−−−−−→ ẑk+1|k = h(x̂k+1|k)

Compute Covariance

Evaluate Jacobians:

Φk =
∂fk
∂x

∣∣∣∣
x=x̂k|k

hk+1 =
∂hk+1

∂x

∣∣∣∣
x=x̂k+1|k

State Covariance:

Pk+1|k = ΦkPk|kΦT
k + Qk

Compute Kalman Gain:

kk+1|k =

Pk+1|khTk+1(Rk+1 + hk+1Pk+1|khTk+1)−1

Update
State Estimate

and
Covariance

State Estimate:

x̂k+1|k+1 = x̂k+1|k + kk+1(zk+1 − ẑk+1|k)

Covariance:

Pk+1|k+1 =

Pk+1|k − kk+1(Rk+1 + hk+1Pk+1|khTk+1)kTk+1

Fig. 5: Flowgraph for one iteration of extended Kalman filtering.

the predicted measurement and the true measurement is called
residual. The residual is to be minimized in order for the
EKF to represent the true system behaviour and output a
more accurate state prediction. The covariance matrix is then
necessary to determine the Kalman gain k which is the scaling
parameter for the residual. Based on the Kalman gain and
residual, the predicted state, as well as the covariance matrix,
are corrected, and yield the new state prediction and covariance
(i.e. MSE) matrix. Thus, the state estimated by the Kalman
filter converges towards the true system behaviour, if adjusted
correctly (through the process covariance matrix Qk).

B. Process and Measurement Model

For the implementation of the EKF, as discussed in
Sec. III-A, a discrete time state space representation of the
target system is developed. The amplitude Am, frequency

fm and phase φm of the MEMS-mirror are treated as state
variables, we can thus define the state vector

xk =
[
Amk

fmk
φmk

]T
=
[
x1k x2k x3k

]T
(12)

We apply the EKF to recover a sinusoidal mirror motion
from noisy measurements (compare Eq. 10). Starting from the
parametric description of the sinusoidal motion, we assume
that amplitude and frequency stay constant from one time
step to the next. This is reasonable since the MEMS mirror
is a resonant system driven by a PWM of constant frequency.
Furthermore, in the continuous case, we can express the angle
of the target sinusoid as φm = 2πfmt, and its derivative
with respect to time as φ̇ = 2πfm. Consequently, we can
describe the angle φmk+1

as sum of the angle at time instant
k, that is, φmk

and its discrete time equivalent derivative
∆φm = 2πfmts . Here we add ts as factor to account for
the step width due to the chosen sampling time. We come to
an analytic description of the system by denoting frequency
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and phase in state vector component notation:

f(xk) =
[
x1k x2k 2πtsx2k + x3k

]T
(13)

The sensor model, i.e. the measurement equation based on
simplistic assumptions (Eq. 1) can be given by

h(xk) = ε0εr
Ar
d(xk)

+ wk (14)

with d(xk) = d0 + x1ksin(2πtsx2k + x3k) (15)

To compute the Kalman gain kk and the estimated covariance
matrix P k, it is necessary to evaluate the Jacobians of the
system dynamics and measurement equation with respect to
the state vector at time instant k. Φk is the Jacobian of the
system dynamics (Eq. 13). Evaluated at xk, for the considered
system, it is

Φk =

1 0 0
0 1 0
0 2πts 1

∣∣∣∣∣∣
k

(16)

Φk is also called the transition matrix since it defines the
transition relation (from one time step to the next). In our
case, we could also drop the index for the time step because
the transition matrix does not depend on the state vector (we
work with a linear system description).

Hk is the Jacobian of the measurement equation (Eq. 14)
evaluated at xk. It generally is a matrix, but since Eq. 14 is a
scalar function, we are left with a row vector

hk =
[

hk1 hk2 hk3
] ∣∣∣
k

(17)

(18)

where the individual components are

hk1 =
−ε0εrArsin(2πtsx2k + x3k)

(d0 + x1ksin(2πtsx2k + x3k))
2 (19)

hk2 = 0 (20)

hk3 =
−ε0εrArx1kcos(2πtsx2k + x3k)

(d0 + x1ksin(2πtsx2k + x3k))
2 (21)

Finally, we can describe the system trajectory, i.e. the evolution
of the state from one time step to the next, in a discrete time
state space form, as set of scalar equationsAmk+1

fmk+1

φmk+1

 =

1 0 0
0 1 0
0 2πts 1

Amk

fmk

φmk

 (22)

Instead of using the analytic system description, the EKF is to
be developed around the meta-model (compare Subsec. II-E)
to incorporate the system behaviour more accurately.

IV. RESULTS

In the suggested implementation of an EKF, we use ampli-
tude Am, frequency fm and phase φm of the MEMS-mirror
as state variables. System assessment is based on a sample
run of the system together with the stochastic signal process-
ing algorithm. The measurement noise Cn is determined as
outlined in the Subsec. II-D on basic noise analysis. It is
thus fixed for a specific bandwidth B and sampling frequency
fs. The measurement noise w and introduced systematic error
esys will be the limiting factors for the filter performance in
terms of position resolution respos. The measurement noise
covariance R is dependent on the sampling frequency fs, with

Fig. 6: Illustration of EKF performance metrics with an amplitude change rate of rAmp = 0.1 mm
min = 20 %

min where the depicted
view is already a zoom in of the performance as evaluated over the whole period of tev = 6 s.
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higher sampling frequency leading to an increased noise figure.
On the other hand, the higher sampling frequency calls for
a reduced process noise covariance matrix Q (amplitudes of
changes between sample points will decrease). With a concise
sampling strategy applied, these terms should ideally cancel
each other. Thus, higher sampling frequencies are allowed with
only little alteration on the achieved resolution.

Fig. 7: Illustration of estimated distance over true distance.

Samplewise evaluations of the EKF performance under
the described assumptions, and an amplitude change rate
(which essentially is the systematic error esys) of ramp =

0.1 mm
min = 20 %

min , indicate well sufficient resolution capabili-
ties of respos ≈ 20 nm. The result is given in Fig. 6 and the
plots are described from top to bottom: The sampling rate is
fixed to fs ≈ 194 kHz. The uppermost plot depicts the true
amplitude (blue) and the estimated amplitude (red, dashed).
In the second plot, the true (blue) and the estimated (red,
dashed) frequency are compared. Estimated and true phase
(which is between φmin = 0 rad and φmax = 2π rad) follow
in the third plot. The deviation between estimated and true
trajectories of amplitude, frequency and phase are marginal,
but still influence the estimation process to result in a deviation
of derr ≈ 20 nm. This deviation is depicted in the fourth
plot. This lowermost graph also gives the estimated absolute
amplitude uncertainty (green, rather linear evolution): this is
the covariance of the amplitude as estimated by the filter and
is in the range of uncAmp = 2 nm. Such a value can only
be reached without systematic deviations (i.e. without or with
slow amplitude variation). Temperature influence is assumed to
cause deviations of mechanical mirror properties and unstable
vacuum conditions are leading to varying amplitudes when
driven with a constant PWM signal. The amplitude variation,
a systematic error, is investigated to prove suitability of the
chosen signal processing under such conditions. Additionally,
the system behaviour with different amplitude change rates
from ramp = 0− 0.15 mm

min , i.e. a maximum of ramp ≈ 30 %
min

relative variation, were considered.In Fig. 7 we see a linear
relationship of the estimated (dest) and true distance (dtrue).

The error derr = dtrue − dest (coloured curves in Fig. 8)
evolves in a non-linear fashion with values between derr =
0 nm for no amplitude change up to derr ≈ 60 nm for a
deviation of ramp ≈ 27 %

min . In this case, the distance error

Fig. 8: Illustration of the effect of various amplitude change
rates on the distance error (coloured ellipses) with the sam-
pling frequency fixed to fs ≈ 194 kHz.

derr is equivalent to the smallest detectable position change,
and is thus the same as the position resolution respos of
the capacitive sensor. Its evolution is quasi-symmetric for
negative and positive relative mirror-movement. The error
is largest at the mirror’s turning points which are located
at dmin = 500µm, and dmax = 1500µm respectively. The

Fig. 9: Illustration of how different sampling frequencies affect
the distance resolution, considering also an amplitude change
rate of rAmp = 0.1 mm

min = 20 %
min .

influence of the sampling frequency was investigated alongside
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(see Fig. 9). For varying sampling frequencies, an increase in
the measurement noise results, which then causes a lowered
achievable resolution. Although the true systematic deviation
is expected to be below this value, investigations were done
employing a fixed amplitude variation of ramp = 20 %

min .
With these changed conditions, we see a reduced resolution
respos < 200 nm with application of sampling frequencies in
the range of fs ≈ 1.4 MHz. The position resolution decreases,
but this decrease is not significant compared to the resolution
loss using a different measurement strategy and such an
increased bandwidth.

In the preliminary analysis in Subsec. II-F, the theoretically
achievable lower bounds on the system uncertainty were
determined. These theoretical bounds are not achievable by the
EKF in this setup, since systematic error (amplitude variation)
is considered as well. The CRLB is only achievable with an
idealized EKF when the covariance propagation equations are
linearized about the true, yet unknown trajectory [39]. While
our experiments were done assuming an amplitude variation,
the EKF will reach the lower bound for static systems subject
to only AWGN.

V. CONCLUSION

First, the considered MEMS-mirror as part of a Michel-
son interferometer and the suggested inkjet-printed capacitive
position sensor, measurement system and respective noise
analysis were presented. Hardware noise analysis based on the
developed analog front-end for capacitive position sensing was
elaborated. The considered measurement system is ready for
multifunctional purposes, i.e. different sensors and measure-
ment strategies, and it is further integrable into a miniaturised
device package. Noise analysis is used for assessment of the
CRLB of a parametric system description,to attain the CRLB
was shown to be only theoretically feasible in the considered
setup. An EKF was developed and realized for mirror position
tracking to cope with systematic errors and changing sampling
rates, i.e. changing bandwidth requirements. The capabilities
of this Bayesian signal processing approach were analysed
and illustrated based on simulations of the system. The major
reduce of influence of the sampling frequency on the system
resolution was demonstrated. In general, capacitive position
sensing is not feasible when a direct measurement strategy
is employed. Resorting to a parametric system description in
combination with stochastic signal processing can present a
way out. Through this analysis, we demonstrate the usability
of generally sub-optimal sensing structures by adoption of
suitable signal-processing algorithms.
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